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Abstract

By relaxing the restrictions commonly imposed on the magnitude of capital externalities in one-
sector models with Cobb–Douglas technology, we find that indeterminacy can arise in the following
two cases: (i) the felicity function is separable in consumption and leisure and there are negative cap-
ital externalities; (ii) the felicity function is non-separable and the social elasticity of production with
respect to capital is greater than one. In both cases indeterminacy happens when the aggregate labor-
demand curve is downward-sloping. In addition, with Cobb–Douglas technology we show that the
presence of income effects on the demand for leisure is a necessary condition for indeterminacy to
occur, and that therefore for certain felicity functions characterized by the presence of no income
effects indeterminacy can never occur regardless of the signs and magnitudes of capital and labor
externalities.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

It has been well known that under certain market imperfection conditions such as exter-
nal effects models of business cycle can be subject to indeterminacy, in that from the same
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initial condition there exist a continuum of equilibria all converging to a common steady
state. The existence of indeterminate equilibria in turn is associated with the possibility of
self-fulfilling prophecies.1

In their seminal work, Benhabib and Farmer (1994) show, in a one-sector growth model
with endogenous labor supply, that indeterminacy can occur with large positive labor-
input externalities and with positive capital-input externalities in technology. In particular,
for indeterminacy to arise labor externalities have to be so large that the social elasticity of
production with respect to labor should be greater than 1 and the labor-demand curve
should be upward-sloping. Furthermore, the labor-demand curve should slope up more
steeply than the Frisch labor supply curve.

In this paper we generalize Benhabib and Farmer (1994) by relaxing some of the restric-
tions in their model. In particular, we ease the restrictions commonly imposed on the mag-
nitude of capital externalities with Cobb–Douglas technology, and at the same time we use
more flexible preference specifications. We find that indeterminacy can arise in the follow-
ing two cases: (i) the felicity function is separable in consumption and leisure and there are
negative capital externalities; (ii) the felicity function is non-separable and the social elas-
ticity of production with respect to capital is greater than one. In both cases indeterminacy
happens when the labor-demand curve slopes down. These specifications leading to inde-
terminate equilibria have largely been overlooked in the literature.

In addition, with Cobb–Douglas technology we show that the presence of income
effects on the demand for leisure is a necessary condition for indeterminacy to occur,
and that therefore for certain felicity functions characterized by the presence of no income
effects indeterminacy can never occur regardless of the signs and magnitudes of capital and
labor externalities.

This paper is also related to recent studies on one-sector models, such as Bennett and
Farmer (2000) and Hintermaier (2003), that explore the possibility of indeterminacy under
preference specifications beyond separable utility with unitary consumption elasticity
adopted in Benhabib and Farmer (1994). Hintermaier (2003) establishes, in a general setup
which does not impose specific functional forms on utility, that there are no concave utility
functions compatible with indeterminacy if the social elasticity of production with respect
to labor is less than 1. In this paper, in contrast to these studies we do not restrict a priori

the signs and magnitudes of factor externalities. Our investigation is thus complementary
to Bennett and Farmer (2000) and Hintermaier (2003).

The next section studies the case with separable utility, and Section 3 investigates the
case with non-separable utility. Section 4 presents a necessary condition for indeterminacy.
Section 5 concludes.
2. Separable utility and indeterminacy under almost constant returns

We follow Benhabib and Farmer (1994) by assuming a large number of competitive
firms, each of which produces a homogenous commodity using capital (kt) and labor
(lt) with a Cobb–Douglas technology,

yt ¼ Etk
a
t lb

t ; ð1Þ
1 See Benhabib and Farmer (1999) for an extensive survey of the literature on indeterminacy and sunspots.
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where a + b = 1, and �kt and �lt denote the average economy-wide levels of capital and
labor. The term

Et � �ka�a
t

�lb�b
t ð2Þ

represents the factor-generated externalities, taken as given by each firm. In addition, as-
sume that a, b, a, b > 0, i.e., both the private and social production functions are increas-
ing in the factor inputs. These assumptions are standard. However, in this paper we depart
from many studies of one-sector models by relaxing the restrictions imposed on the rela-
tive magnitudes of externalities. Specifically, we do not restrict attention to the case where
a < a < 1, as is usually imposed in the literature, nor do we place any restrictions on the
relative magnitudes of b and b.2

Letting wt and rt denote the wage rate and the rental rate for capital, from the firm’s
maximization problem, we have (in equilibrium �lt ¼ lt; �kt ¼ kt)

wt ¼ bka
t lb�1

t ; rt ¼ aka�1
t lb

t : ð3Þ

The representative consumer maximizes the present value of utilityZ 1

0

Uðct; ltÞe�qt dt;

subject to the budget constraint

_kt ¼ ðrt � dÞkt þ wtlt � ct; ð4Þ

and an initial condition for capital as well as the usual no-Ponzi-scheme constraint. Here q
is the discount rate, and d is the depreciation rate. In this section, we assume that the
instantaneous utility is separable in consumption and leisure, i.e.,

Uðct; ltÞ ¼ uðctÞ � vðltÞ; ð5Þ

where u 0 > 0, u00 6 0, v 0 > 0, v00 P 0. The separable utility assumption here nests Benhabib
and Farmer (1994) as a special case.3

The first-order conditions for the consumer’s problem are

u0ðctÞ ¼ kt; ð6Þ
v0ðltÞ ¼ ktwt; ð7Þ
_kt ¼ ktðqþ d� rtÞ; ð8Þ

where kt is the co-state variable. From Eqs. (3), (4), and (6)–(8), the system can be reduced
to two differential equations, namely,

_kt ¼ kt½qþ d� aka�1
t lðkt; ktÞb� ¼ kt½qþ d� rðkt; ktÞ�; ð9Þ

_kt ¼ ka
t lðkt; ktÞb � dkt � cðktÞ ¼ yðkt; ktÞ � dkt � cðktÞ; ð10Þ
2 In fact, many studies on one-sector models, such as Benhabib and Farmer (1994), Bennett and Farmer (2000),
Wen (1998, 2001), and Hintermaier (2003), assume that social and private partial elasticities of output are related
by the same positive factor of proportionality for capital and labor, i.e., a/a = b/b > 0.

3 They use U(c, l) = lnc � (1 + v)�1l1+v (v P 0).
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where the implicit functions ct = c(kt) and lt = l(kt,kt) can be obtained by solving Eqs. (6)
and (7) jointly (using the expression for wt in Eq. (3)). We assume the existence of a unique
steady state, and analyze the local dynamics of the system around the steady state. To pro-
ceed, we denote by x* the steady-state value of a variable xt. By linearization we have4

_kt

_kt

 !
¼ J

kt � k�

kt � k�

� �
: ð11Þ

Here the elements of the Jacobian matrix J are

j11 j12

j21 j22

� �
¼

�k� or
ok �k� or

ok
oy
ok� dc

dk
oy
ok � d

 !
¼

�ðqþ dÞc� � k�

k� ðqþ dÞðaþ ac� � 1Þ
c�

k�
ðqþdÞc�
qþd�adþ 1

r�

h i
aðqþdÞ

a ð1þ c�Þ � d

0
@

1
A;
ð12Þ

where c* � b/[1 � b + v00 (l*)l*/v 0(l*)], r* � �u00(c*)c*/u 0(c*) P 0. By denoting v* � v00(l*) l*/
v 0(l*) P 0, the determinant and trace of J are given by the expressions

DetðJÞ ¼ ðqþ dÞ½qþ dð1� aÞ�
ar�ð1� bþ v�Þ ½aþ b� 1� ð1� aÞv� � br��; ð13Þ

TrðJÞ ¼ qþ d
1� bþ v�

½ð1þ v�Þ a
a
� b� � d: ð14Þ

Since one variable of the two-dimensional system (11) is predetermined, and the other is
free, local equilibrium indeterminacy occurs when both roots of J have negative real parts,
which requires that Det(J) > 0 and Tr(J) < 0. We therefore have the following results:

Proposition 1. With the Cobb–Douglas technology and separable utility, local indeterminacy

occurs if

(i) 1 � b + v* < 0, and r� > aþb�1�ð1�aÞv�
b , bþ ð1� bþ v�Þ d

qþd < ð1þ v�Þ a
a; or

(ii) 1 � b + v* > 0, and r� < aþb�1�ð1�aÞv�
b , bþ ð1� bþ v�Þ d

qþd > ð1þ v�Þ a
a.

Note first that the result in case (i) of Proposition 1 encompasses as a special case the
indeterminacy result in Benhabib and Farmer (1994). They use u = logc and
v = (1 + v)�1l1+v, where v P 0 is a constant parameter. In our model, r* is the steady-
state value of the inverse of the intertemporal elasticity of consumption, and it can be
different from 1. v* is the steady-state value of the inverse of the labor supply elasticity.
The condition 1 � b + v* < 0 corresponds to the labor market condition in Benhabib and
Farmer (1994), and it says that the labor-demand curve is upward-sloping, and slopes up
more steeply than the Frisch labor-supply curve. Notice that when r* = 1, in order for
Det(J) > 0 and Tr(J) < 0, we have 1 > a > a.5 This is precisely the assumption which is
made in Benhabib and Farmer (1994), so are many other studies on one-sector models in
the literature.

A novel result in this paper is case (ii) of Proposition 1, which is the focus of our
discussion below in this section. In stark contrast to case (i) and the result in Benhabib and
Farmer (1994), the condition 1 � b + v* > 0 implies that the labor-demand curve is less
4 In this paper, we shall use the original variables for linearization without resorting to log-linearization.
5 a > a holds since 1 + v* = b + (1 � b + v*) < bþ ð1� bþ v�Þ d

qþd < ð1þ v�Þ a
a.
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steep than the Frisch labor-supply curve. If v* = 0, then this condition is equivalent to
b < 1, i.e., the labor-demand curve is downward-sloping. For v* 5 0, indeterminacy can
also easily happen when the labor-demand curve is downward-sloping. Moreover, the
following corollary can be readily established:
Corollary 1. The necessary conditions for case (ii) of Proposition 1 to occur are a > a, b > b,

and r* < 1.

Thus, in case (ii), by allowing for larger-than-unit intertemporal elasticity of
consumption (at the steady state) and negative capital externalities indeterminacy can
occur. Note also that positive labor externalities are required for indeterminacy, and
although the capital externalities are negative, in order for Det(J) > 0 we have a + b > 1,
i.e., there are increasing returns at the social level due to positive labor externalities. In
fact, the degree of the social returns to scale needed for indeterminacy can be arbitrarily

close to constant returns to scale, depending on the values of the relevant parameters. To
see this, and for simplicity, we let d = 0, then the first and the third inequalities in case (ii)
are equivalent to b� 1 < v� < ba�a

a , and the second inequality is equivalent to
br* + (1 � a)v* < a + b � 1. As long as a and b satisfy 1 > b > a, a > a

b, and
a + b � 1 > 0, then all the inequalities in case (ii) hold for sufficiently small values of r*

and v* (that is, for sufficiently large steady-state values of the intertemporal elasticity in
consumption and the labor supply elasticity). These results are similar to those found in
two-sector models such as Benhabib and Nishimura (1998) and Harrison (2001), where
they use the utility function with constant consumption and labor supply elasticities In
contrast, such results do not hold in case (i) of Proposition 1.6

We list below two numerical examples with indeterminacy for case (ii) of Proposition 1:

Example 2.1. For Uðct; ltÞ ¼ c1�r
t �1
1�r � l1þv

1þv,

a ¼ 0:3; b ¼ 0:7; a ¼ 0:25; b ¼ 0:85; r ¼ 0:11; v ¼ 0; d ¼ 0:025; q ¼ 0:03:
Example 2.2. For Uðct; ltÞ ¼ c1�r
t �1

1�r � l1þv

1þv,

a ¼ 0:3; b ¼ 0:7; a ¼ 0:25; b ¼ 0:76; r ¼ 0:01; v ¼ 0; d ¼ 0:025; q ¼ 0:03;

where in Example 2.1 the degree of social returns to scale is 1.1, and in Example 2.2 the
degree of social returns to scale is 1.01 (with smaller r relative to Example 2.1).

To see more clearly the result in case (ii) of Proposition 1, we can compare with the case
without externalities in which indeterminacy can not happen. Without externalities a = a

and b = b, then from (12), the Jacobian matrix is given by,

� þ
þ þ

� �
; ð15Þ

where Tr(J) = j11 + j22 = q > 0, and Det(J) = j11j22 � j12j21 < 0, so that there is equilibrium
uniqueness. With externalities and under the conditions in case (ii), the Jacobian matrix is
given by
6 In fact, from the second inequality in case (i), br* + (1 � a)v* > a + b � 1, and given the values of a and b
such that a + b � 1 > 0, indeterminacy can not happen if both r* and v* are sufficiently small. For example, if
v* = 0, then there is lower bound for r* required for indeterminacy and it can not happen for sufficiently small r*.
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� �
þ þ

� �
: ð16Þ

In this case Tr(J) < 0 as j11 dominates j22, which in turn is due to the presence of negative
capital externalities in the social marginal product of capital (oy

ok � d). However, Det(J) > 0
holds as the private marginal product of capital is increasing in k , i.e., or

ok > 0 (due to the
presence of positive labor externalities or increasing returns to scale) so that the sign for j12

changes and the term �j12j21 dominates j11j22 (in contrast, in Benhabib and Farmer (1994)
or in the result in case (i) of Proposition 1, indeterminacy arises when the private marginal
product of labor or the wage rate is increasing in labor input).

The role which the negative capital externalities play here in generating indeterminacy
in the one-sector framework is similar to that which the positive capital and labor exter-
nalities play in the two-sector model in Benhabib and Nishimura (1998). In their model,
there are decreasing returns at the private level and constant returns at the social level
and, with factor externalities, the production function of the investment good sector can
be decreasing in aggregate capital because of the Stopler–Samuelson effect, which is nec-
essary for their indeterminacy result. Here although the social production function is still
increasing in the capital input, it is dampened because of negative capital externalities – to
such a degree that j22 is dominated by j11.

It is important to compare the result in case (ii) of Proposition 1 with those obtained in
Kehoe (1991). Kehoe (1991, pp. 2133–2134) presents an example of one-sector growth
model with exogenous labor supply where indeterminacy happens when production is sub-
ject to a negative externality from capital. There a quadratic production function (in k and
�k) is used so that it is possible that the private marginal product is increasing in k but the
social production is decreasing in k. Here we use Cobb–Douglas technology. In contrast, it
can be shown that indeterminacy can not arise in Kehoe (1991) with Cobb–Douglas
technology.

The conditions for indeterminacy in case (ii) of Proposition 1 require capital externality
to be negative and labor externality to be positive and at the same time the social returns
to scale to be greater than 1. Although there has been much research in the literature on
estimating of returns to scale and external effects of production functions, we cannot judge
on the empirical plausibility of these necessary conditions based on the available evidence.
The reason is that in almost all those estimates the typical assumption is that for the pro-
duction function being estimated the elasticities with respect to capital externality and
labor externality have the same sign (and indeed even with same fixed proportion in terms
of factor shares). With this restriction, some studies such as Burnside (1996) find that some
industries display negative external effects (from both capital stock and labor input)
whereas some other industries display positive external effects. In a recent investigation,
Harrison (2003) also finds positive external effects for the investment good sector and neg-
ative external effects in the consumption good sector. To further assess on the empirical
plausibility of the conditions for indeterminacy for case (ii) of Proposition 1, one needs
to relax the restriction typically imposed on the elasticities of the production with respect
to capital and labor external effects (i.e., not restricting that they have the same sign).

In Appendix (Part A) we examine indeterminacy conditions for a continuous-time ver-
sion of the one-sector model with variable capacity utilization as studied in Wen (1998), by
considering general forms of externalities and a separable utility function. We find that the
results obtained in this section are robust to such a setting.
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3. Non-separable utility

In the previous section we show that, with separable utility, indeterminacy can happen
when negative capital externalities are present. In this section, we will demonstrate that
with non-separable utility, indeterminacy can happen when capital externalities are posi-
tive and large, in that the social elasticity of production with respect to capital is larger
than 1 (i.e., a > 1).

Thus, the results in this section demonstrate that, with non-separable utility, a > 1 does
not necessarily lead to unbounded growth as is sometimes believed. Indeed, for some non-
separable utility functions, there always exists a unique stationary steady state when a > 1
(see Footnote 9 below), and that under certain conditions the steady state is indeterminate.

We assume that the felicity function is of a particular type, as specified in King et al.
(1988), i.e.,

Uðct; ltÞ ¼
c1�r

t

1� r
vðltÞ; for r > 0; r 6¼ 1;

¼ log ct � vðltÞ; for r ¼ 1: ð17Þ

Here v > 0. For r 5 1, (1 � r)v 0 < 0, U is strictly concave and rvv00/(r � 1) � (v 0)2 P 0,
and for r = 1, v 0 > 0 and v00 P 0. Although this class of utility functions is non-separable
for r 5 1, it is separable for r = 1 and thus also includes as a special case the utility func-
tion in Benhabib and Farmer (1994).

When r 5 1, the first-order conditions are

c�r
t vðltÞ ¼ kt; ð18Þ

� c1�r
t

1� r
v0ðltÞ ¼ ktwt; ð19Þ

_kt ¼ ktðqþ d� rtÞ; ð20Þ

together with the resource constraint

_kt ¼ ka
t lb

t � dkt � ct; ð21Þ
where wt and rt are given in Eq. (3).

We first look at the problem of steady state existence and determination. From Eqs.
(18)–(21), steady state values for lt and kt, if they exist, must satisfy the following two
equations:

l ¼ ðqþ dÞb
qþ db

ðr� 1Þ vðlÞ
v0ðlÞ

� �
; ð22Þ

aka�1lb ¼ qþ d: ð23Þ

It is striking that Eq. (22) is independent of a and b. If there exists a solution l* > 0 in Eq.
(22), then as long as a 5 1 (that is, regardless of a < 1 or a > 1) there will exist a corre-
sponding solution k� ¼ ðqþd

al�b
Þ1=ða�1Þ

> 0 from Eq. (23).7 From Eqs. (18) and (19),
c� ¼ �ð1� rÞbk�al�b�1 vðl�Þ

v0ðl�Þ > 0, and k* = c*�rv(l*) > 0.
7 Or put it differently, since Eq. (22) is independent of a and b, the steady state existence problem when a 5 1 is
equivalent to the one in which there are no externalities with standard constant returns to scale technology (that
is, a = a and b = b). Note that the only production function parameter that enters Eq. (22) is b.
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On the other hand, when r 5 1 a necessary condition for the existence of an endoge-
nous balanced growth path (BGP) is a = 1, just as what is shown in Benhabib and Farmer
(1994) when utility is separable and logarithmic in consumption. To see this, following
King et al. (1988) assume first that lt has an upper bound (this assumption is implied if
we use v = v(1 � lt)). Thus the only feasible constant growth rate at the BGP for lt is 0,
that is, lt = l* is constant at the BGP. Furthermore, define at the BGP that
_ct
ct
¼ _kt

kt
¼ g > 0. Then at the BGP

_kt
kt
¼ k1�a

t l�b � d� ct
kt

. Note that ct
kt

must be constant at
the BGP since dðlog ct

kt
Þ=dt ¼ _ct

ct
� _kt

kt
¼ 0. In order for k1�a

t l�b to be constant at the BGP,
a must be equal to 1, which therefore is a necessary condition for the existence of an
endogenous BGP.

In Benhabib and Farmer (1994), when a = 1 a necessary condition for a BGP to be
indeterminate is that labor-demand curve is upward-sloping and slopes up more steeply
than Frisch labor-supply curve. Pelloni and Waldmann (1998) use the same non-separable
utility function as our paper as well as a production function of the general form f ðlt

�kt; ktÞ
with constant returns to scale with respect to kt and �kt but without labor externalities. Such
a specification implies that labor-demand curve slopes down. They show that an indeter-
minate BGP can still arise, which is in contrast to the result in Benhabib and Farmer
(1994). Notice that Pelloni and Waldmann’s specification amounts to a = 1 and b = b if
technology is Cobb–Douglas as in our paper.8

In what follows in this section we will focus on the case when a 5 1, and simply assume
that there exists a unique solution l* > 0 in Eq. (22) for the given utility function.9

The system can again be reduced to two differential equations for kt and kt. We com-
pute the trace and the determinant of the Jacobian matrix M of the linearized system to
obtain the following expressions:

TrðMÞ ¼ aðqþ dÞ
r

x� � b
1� bþ n�

� �
� da

a
ar x� � b

1� bþ n�

� �
þ dða� 1Þ; ð24Þ

DetðMÞ ¼ aðqþ dÞc�x�
ar2k�

a� 1

1� bþ n�

� �
; ð25Þ

in which, evaluated at the steady state, n� ¼ l�

r ðr�1
vv0 Þð r

r�1
vv00 � v02ÞP 0; and

x� ¼ ar
a 1þ ð1�rÞðqþdÞ

qþdð1�aÞ b v02�vv00

v02

� �h i
. Notice that in this case n* is the steady-state value of

the labor elasticity.
It turns out that when the depreciation rate for capital is zero we can obtain useful ana-

lytical results on indeterminacy. For d = 0 we can show that x* > 0.10 Then the expression
for Det(M) is relatively simple, and it has the same sign as ð a�1

1�bþn�Þ.
8 Thus when a = 1 the specification here in the present paper has some overlap with that in Pelloni and
Waldmann (1998). One can follow Benhabib and Farmer (1994) and Pelloni and Waldmann (1998) to study the
existence and stability property of a BGP. We do not consider this further here as the focus of our paper is the
possibility of a stationary steady state.

9 A specific example is v(l) = (1 � l)m. The restrictions imposed on v require that (1 � r)m > 0 and m 6 r. From
Eq. (22), l� ¼ ð1�rÞbðqþdÞ

½mþð1�rÞb�ðqþdÞ�mda > 0. Then from Eq. (23), k� ¼ ðqþd
al�b
Þ1=ða�1Þ > 0. Thus a unique k* > 0 can always

be obtained regardless of a < 1 or a > 1.
10 For d > 0, we are unable to show analytically that x* > 0. We would then be unable to derive the simple

analytical results in (i-b) and (ii) in Proposition 2 (as well as the result in Corollary 2). However, simulations
suggest that indeterminacy can happen under the same conditions in (i-b) and (ii) for a large range of values for
d > 0. See Example 3.1 below. For d = 0, we prove here that x* > 0. For r < 1, it is obvious that x* > 0. For
r > 1, we have 1þ ð1� rÞbðv02�vv00

v02 Þ ¼ 1þ ð1� rÞbþ ðr� 1Þbðvv00
v02 Þ > ð1� bÞ þ 1

r b > 0.
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On the other hand, the indeterminacy result under the King–Plosser–Rebelo utility
function when r = 1 is already included in case (i) of Proposition 1 (with r* = 1, and
for d P 0). We therefore summarize these results in the following proposition:

Proposition 2. With Cobb–Douglas technology and a utility function of the King–Plosser–
Rebelo type, local indeterminacy occurs if
(i-a) For r = 1 and d P 0, the conditions 1 � b + n* < 0, and a < 1,

bþ ð1� bþ n�Þ d
qþd < ð1þ n�Þ a

a hold; or

(i-b) For r 5 1 and d = 0, the conditions 1 � b + n* < 0, and a < 1, b < x* hold; or

(ii) For r 5 1 and d = 0, the conditions 1 � b + n* > 0, and a > 1, b > x* hold.

By including a separable utility function, case (i-a) of Proposition 2 contains the result
in Benhabib and Farmer (1994) as a special case just as in Proposition 1, which is the over-
lap of the two propositions.11 In addition, in cases (i-a) and (i-b), the condition
1 � b + n* < 0 implies that the labor-demand curve is upward-sloping, and a < 1 is
required for indeterminacy.

From Proposition 2 indeterminacy cannot arise when b < 1 and a < 1. However, inde-
terminacy can occur when b < 1 + n* and a > 1 in case (ii). The condition 1 � b + n* > 0
implies that the labor-supply curve is steeper than the labor-demand curve, while a > 1
says that the social elasticity of production with respect to capital is greater than 1. Inde-
terminacy can in fact easily happen when the labor-demand curve is downward-sloping.

We can also obtain the following corollary:

Corollary 2. The necessary conditions for case (ii) of Proposition 2 to occur are r < 1 and
b > b.
Proof. See Appendix (Part B).
While the results of case (ii) in Proposition 2 and Corollary 2 hold when d = 0,

simulations suggest that indeterminacy can happen under the same conditions therein for
a large range of values for d > 0. We give below a simple numerical example with
indeterminacy. h
Example 3.1. For Uðct; ltÞ ¼ c1�r
t

1�r ð1� ltÞr;
a ¼ 0:8; b ¼ 0:2; a ¼ 1:0001; b ¼ 0:35; r ¼ 0:1; d ¼ 0:025; q ¼ 0:03;

where the degree of social returns to scale is 1.3501.12

As in the previous section, we can also look at how indeterminacy comes about in case
(ii) of Proposition 2 by comparing with the case without factor externalities. In the latter
11 Notice that for the separable utility with r = 1 in this section and the one with r* = 1 in the previous section
we have n* = v*.
12 We find that the magnitude of the discount rate q affects the conditions needed for indeterminacy. Specifically,

we find that the smaller is q, the lower is the degree of returns to scale required for indeterminacy.
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case, for the corresponding Jacobian matrix of the {kt,kt} system, we have j11 < 0, j12 > 0,
j21 > 0 and j22 > 0, and trace is positive and the determinant negative, so that there is equi-
librium uniqueness. Under the conditions in case (ii), because of large and positive exter-
nalities from capital, while the signs for other elements of the Jacobian matrix remain
unchanged, we now have j12 < 0, that is, the private marginal product is increasing in k.
This makes it possible for the determinant to be positive. On the other hand, because of
the presence of labor externalities, labor supply changes so much more than the case with-
out labor externalities that j11 dominates j22 and the trace becomes negative (see (24)).

4. A necessary condition for indeterminacy under Cobb–Douglas technology

Existing research on indeterminacy of one-sector models, including the analyses in the
previous sections of this paper, has so far been concentrated on the relative slopes of the
labor-demand curve and the Frisch labor-supply curve in giving intuitive explanations
about indeterminacy. In this section, we derive an alternative necessary condition for inde-
terminacy. Specifically, we show that with Cobb–Douglas technology the presence of
income effects on the demand for leisure is a necessary condition for indeterminacy to
occur, and that therefore for certain felicity functions characterized by the presence of
no income effects indeterminacy can never occur regardless of the signs and magnitudes
of capital and labor externalities.13

Our assumption on the Cobb–Douglas technology remains identical with that given in
(1) in Section 2, i.e., yt ¼ ka

t lb
t
�ka�a

t
�lb�b

t , and just as in Section 2 we assume only that a, b, a,
b > 0, without placing any additional restrictions on these parameters.

We assume that the felicity function U(ct, lt) satisfies,

U c > 0; U l < 0; U cc 6 0; U ll 6 0; U ccU ll � U 2
cl P 0; U lU cl � UcU ll P 0:

ð26Þ

These assumptions on the felicity function are standard: it is continuously differentiable,
strictly increasing, and concave in consumption and leisure. The last inequality means that
consumption is a (not necessarily strictly) normal good.14 We state and prove the follow-
ing proposition (assuming the existence of a unique steady state):

Proposition 3. With the Cobb–Douglas technology given in (1) (a, b, a, b > 0) and the felicity

function U(ct, lt) satisfying (26), a necessary condition for local indeterminacy is that,
evaluated at the steady state, U�l U�cc � U �cU �cl 6¼ 0, that is, for indeterminacy to occur income

effects on the demand for leisure must be present.15
13 The result in this section may not hold if it is not Cobb–Douglas technology.
14 If we denote the utility function as U(c,x), where x is leisure (as opposed to labor), then c is a normal good if

and only if UxUcx � UcUxx P 0 (i.e., consumption does not decrease as income increases), and leisure is a normal
good if and only if UcUcx � UxUcc P 0. See Chiang (1984, pp. 405) about this comparative statics
characterization. If we use labor rather than leisure, since Ul = �Ux, Ucl = �Ucx, Ull = Uxx, then consumption
and leisure are normal goods if and only if UlUcl � UcUll P 0 and UlUcc � UcUcl P 0, respectively. If
UlUcc � UcUcl = 0, then the income effect on the demand for leisure is zero.
15 We can also see from Eq. (29) in the appendix that if U�l U �cc � U�cU�cl ¼ 0 then the effect of marginal utility of

income on the demand for leisure is zero (at the steady state).
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Proof. We show that indeterminacy can not occur if U �l U �cc � U �cU �cl ¼ 0. From the first-
order conditions, we have two differential equations for kt and kt , in the same forms as
Eqs. (9) and (10). When U �l U �cc � U �cU �cl ¼ 0, the Jacobian matrix N of the linearized sys-
tem is given by (see Part C in Appendix)

N ¼
0 � k�

k� ðqþ dÞ½að1þg�Þ
1�bþg� � 1�

� 1
U�cc

aþg�

að1þg�Þ
að1þg�Þ
1þg��b ðqþ dÞ � d

0
@

1
A; ð27Þ
where g� ¼ U�c U�ll�U�l U�cl
U�c U�l

� �
l� P 0. Then Tr(N) ¼ aþg�

að1þg�Þ
að1þg�Þ
1þg��b ðqþ dÞ � d, and Det(N) ¼

� k�

U�cck� ðqþ dÞ½að1þg�Þ
1þg��b� 1�. Suppose that indeterminacy can happen in this case, then

Det(N) > 0, or equivalently að1þg�Þ
1þg��b > 1. This implies that Tr(N)> aþg�

að1þg�Þ ðqþ dÞ�
d > q > 0, which is a contradiction. h

Proposition 3 characterizes the essential role that labor plays in making indeterminacy
possible. In one-sector growth models with exogenous labor supply, Boldrin and Rusti-
chini (1994) establish that with a general production function and positive capital external-
ities, local indeterminacy cannot arise regardless of the magnitude of externalities, and
Kehoe (1991) shows that indeterminacy can happen with negative capital externalities.
However, the production function is quadratic in k and K in the example given in Kehoe
(1991), where indeterminacy cannot occur if it is replaced by Cobb–Douglas technology.
Thus with Cobb–Douglas technology indeterminacy cannot arise in one-sector models
when labor is inelastic, whether capital externalities are positive or negative. Proposition
3 says that with Cobb–Douglas technology the presence of income effects on the demand
for leisure is a necessary condition for indeterminacy regardless of the relative slopes of
labor supply and labor demand curves, and it is a stronger result than those implied in
Boldrin and Rustichini (1994) and Kehoe (1991).

Note that in the proof of Proposition 3 we make use of the assumption that consump-
tion is a normal good. Although from the necessary condition in the proposition indeter-
minacy can happen when leisure is a strictly inferior good (i.e., U �l U �cc � U �cU �cl < 0 and
negative income effects on the demand for leisure are present), it is perhaps less interesting
compared to cases when leisure is a normal good. Indeed, for most of the preferences that
the literature adopts leisure is a normal good (i.e., with positive income effects on the
demand for leisure). For the preferences in Sections 2 and 3, it is easy to verify that
U �l U �cc � U �cU �cl > 0. We can see why U �l U �cc � U �cU �cl > 0 is necessary for nonuniqueness
in case (ii) of Proposition 1. Indeterminacy happens when there is an increase in the sha-
dow price agents increase their investment, and marginal product of capital will also rise.
Labor supply must rise as well to accommodate the increase in capital, which can happen
only if U �l U �cc � U �cU �cl > 0. If it were true that U �l U �cc � U �cU �cl ¼ 0 we would have j11 = 0
in the Jacobian matrix in (16), which would make it impossible for the trace to be negative.
Similar explanations can be given to the result of case (i) of Proposition 1, as well as those
in Proposition 2 as to why U �l U �cc � U �cU �cl must be strictly positive for indeterminacy to
arise.

Before concluding this section we present below a concrete example which does not sat-
isfy the necessary condition in Proposition 3, that is, the class of utility functions in this
example is characterized by the presence of no income effects on the demand for leisure.



108 Q. Meng, C.K. Yip / Journal of Macroeconomics 30 (2008) 97–110
Example 4.1. U(c, l) = G(c � g(l)), where G 0 > 0 > G00, and g 0 > 0 > g00.

The utility function in this example satisfies UlUcc � UcUcl =0 for all (c, l) and is called
the quasilinear utility function. From Proposition 3 indeterminacy cannot happen when
U�l U �cc � U �cU �cl ¼ 0 (evaluated only at the steady state), and such a result of course holds
for U(c, l) = G(c � g(l)). The utility function U(c, l) = G(c � g(l)) was popularized in
macroeconomic analysis by Greenwood et al. (1988).16
5. Conclusion

We show in this paper that in the one-sector model with factor-generated externalities,
indeterminacy can arise when the felicity function is separable in consumption and leisure
and there are negative capital externalities, or when the felicity function is non-separable
and the social elasticity of production with respect to capital is greater than one. In both
cases indeterminacy can happen when the labor-demand curve slopes down. In addition,
we show that with Cobb–Douglas technology the presence of income effects on the
demand for leisure is a necessary condition for indeterminacy to arise.

All the results in this paper are based on using the Cobb–Douglas production function
with factor externalities. It remains to be seen whether any new results can be achieved by
utilizing alternative production functions and/or preference specifications. In addition, as
a further extension of present paper’s analysis, one could by introducing sunspot shocks
calibrate discrete-time versions of the models in this paper (especially the model with neg-
ative externalities and small increasing returns in Section 2) so as to evaluate, in compar-
ison with the existing business-cycle models with sunspots (e.g., Wen, 1998; Schmitt-
Grohé, 2000; Benhabib and Wen, 2004), whether their predictions fit the actual macroeco-
nomic data.
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Appendix. Part A

Here we examine indeterminacy conditions for a continuous-time version of the one-
sector model with variable capacity utilization as studied in Wen (1998), by modifying
the preferences and externality specifications in that paper. In particular, instead of using
the special log utility for consumption, the felicity function is given by Uðct; ltÞ ¼
c1�r

t �1

1�r � l1þv

1þv, r,v P 0. The flow budget constraint is

_kt ¼ ðltktÞalb
t ðltktÞa�alb�b

t � dtkt � ct;

where as in Section 2 except that we require that a, b, a, b to be positive there are no addi-
tional restrictions on them (see Footnote 2). Here lt is the rate of capacity utilization, and
dt ¼ 1

h lh
t (h > 1) is the rate of capital depreciation defined as an increasing function of

capacity utilization. Solving the representative consumer’s problem, the system can be
reduced to two differential equations for k and k, i.e.,
16 It is also widely used in the trade literature.
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_kt ¼ kt q� aðh� 1ÞB
h

k�/c
t k/k�1

t

� �
;

_kt ¼ B 1� a
h

� �
k�/c

t k/k
t � k

�1
r

t ;

where sn ¼ h
h�a > 0; sk ¼ h�1

h�a ;/c ¼ bsn
bsn�ð1þvÞ ;/k ¼ �ð1þvÞask

bsn�ð1þvÞ ;B ¼ a
a

h�aðba
a

h�aÞ�/c > 0.17 By line-
arization, we have

_kt

_kt

 !
¼

q/c � k�

k� ð/k � 1Þq
k��

1
r�1

r ð1� r/cÞ qðh�aÞ/k
aðh�1Þ

0
@

1
A kt � k�

kt � k�

� �
:

The determinant and trace of the Jacobian matrix are

Det ¼ q2h
raðh� 1Þ �

fbr� ½aþ b� 1� ð1� aÞv�g
½bsn � ð1þ vÞ� ; Trace ¼

q bsn � a
a ð1þ vÞ

� 	
½bsn � ð1þ vÞ� :

Thus with variable capacity utilization indeterminacy occurs if either (I)
1 + v < bsn <

a
a ð1þ vÞ, r > aþb�1�vð1�aÞ

b , or (II) 1 + v > bsn >
a
a ð1þ vÞ, r < aþb�1�vð1�aÞ

b .
Note that (I) is analogous to (i) in Proposition 1 and in particular it requires positive exter-
nalities (a > a) from ltkt. The set of conditions in (II) here is, on the other hand, analogous
to (ii) in Proposition 1 and it needs negative externalities (a < a) from ltkt to have indeter-
minacy. Wen (1998) adopts the log utility function with r = 1 under which indeterminacy
happens when a > a.

Appendix A. Part B

We prove here Corollary 2 in Section 3. We first show that r < 1 must hold. Under the
indeterminacy conditions in case (ii) of Proposition 2, we have, 1 + n* > b > x*, that is,

1� ar
a

� �
1þ ð1� rÞb ðv

0Þ2 � vv00

ðv0Þ2

" #
� 1� r

r

� �
b > 0: ð28Þ

Suppose that r > 1, then v00 > 0 and 1=r > ðv0Þ2�vv00

ðv0Þ2 . Then (28) implies that

0 < 1� ar
a

� �
½1þ ð1� rÞb=r� � 1� r

r

� �
b

¼ 1� ar
a
� ar

a

� � 1� r
r

� �
b < 1� ar

a
� ar

a

� � 1� r
r

� �
¼ 1� a

a
< 0;

which yields a contradiction.
We next show that b > b must hold. Suppose that b > b, then we have

b > b> x� ¼ ar
a

1þ ð1� rÞb ðv
0Þ2 � vv00

ðv0Þ2

" #
>

ar
a
½1þ ð1� rÞb=r�> ar

a
½bþ ð1� rÞb=r�

¼ ab
a
> b;

which is again a contradiction.
17 As in Wen (1998), assume that h > a to ensure that in its reduced form the social production function,
given by mkask lbsn , is increasing in k and l.
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Appendix B. Part C

In Section 4, for the felicity function U(ct, lt), the first-order conditions with respect to ct

and lt are Uc = kt, and � Ul = ktwt, which define the implicit functions c(kt,kt) and l(kt,kt).
If U �l U �cc � U �cU �cl ¼ 0, then the partials evaluated at the steady state are

dl
dk
¼ U �l U �cc � U �cU �cl

k�ðU �ccU
�
ll � U �2cl Þ þ U �ccU

�
l ½ð1� bÞ=l��

¼ 0; ð29Þ

dl
dk
¼ al�

k�
1

1þ g� � b

� �
; ð30Þ

dc
dk
¼ 1

U �cc

; ð31Þ

dc
dk
¼ �U �cl

U �cc

dl
dk
; ð32Þ

which can be used to obtain the Jacobian matrix (27). The intermediate steps are omitted.
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